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| Abstract 

Let L t :— A t + Z t , t € [0,T C ) on a differential manifold equipped with time-depending 
complete Riemannian metric (<?t)te[o.T c )j where A t is the Laplacian induced by g t and 
{Zt)te[a,T a ) is a family of C 1:1 -vector fields. We first present some explicit criteria for the 
■ non-explosion of the diffusion processes generated by L t ; then establish the derivative for- 

jy-^ | mula for the associated semigroup; and finally, present a number of equivalent semigroup 

inequalities for the curvature lower bound condition, which include the gradient inequali- 
ties, transportation-cost inequalities, Harnack inequalities and functional inequalities for the 
diffusion semigroup. 

Keywords: Metric flow, curvature, coupling, transportation-cost inequality, Har- 
1 nack inequality, L f -diffusion process 

MSC(2010): 60J60, 58J65, 53C44 

1 Introduction 

Let M be a d-dimensional differential manifold without boundary which carries a C 1,00 -family of 
(N ■ 

time-depending Riemannian metrics (gt)te[a,T c ) f° r some T c £ (0, oo]. Let V* be the Levi-Civita 
connection associated with the metric gt, and At be the associated Laplace-Beltrami operator. 
For simplicity, we take the notations: for X, Y £ TM, 

Ricf (X,Y) := mct(X,Y) - (V t x Z t ,Y) t 
TZf(X,Y) := Bicf(X,Y) - ±d t9t (X,Y), 

h; 

where Rict is the Ricci curvature tensor with respect to gt, (-^t)te[o,r c ) is a C 1,1 -family of vec- 
tor fields, and (•, ■} t := gt(-, •). Consider the elliptic operator L t := At + Z t . Let X t be the 
inhomogeneous diffusion process generated by Lt (called Lf-diffusion process). Assume that 
Xt is non-explosive before T c . In this paper, we want to clarify the connection between be- 
havior of the distribution of the Lf-diffusion process, and the geometry of their underlying 
time-inhomogeneous space. The main work is to study this inhomogeneous diffusion process by 
using a new curvature condition, i.e the low bound of TZf . Compared with usual Bakry-Emery's 
curvature condition, it contains an additional term dtgt- 

In the time-homogeneous case, many excellent scholars did deep research on the develop- 
ment of stochastic analysis on manifolds. In [HJ [T2| I25j . the derivative formula of the diffusion 



'Correspondence should be addressed to Li- Juan Cheng (E-mail: chenglj@mail.bnu.edu.cn) 



1 



semigroup, known as Bismut-Elworthy-Li formula, was given by constructing a damped gradi- 
ent operator. Based on this formula, virous equivalent semigroup inequalities for the curvature 
lower bound (see e.g. [28, 7] and reference within) had been proved. All conclusions above were 
considered for the constant manifold without boundary. For the case with boundary, we refer 
the readers to [301 ED E2 [33] for details. 

Before moving on, let us briefly recall some known results in the time-inhomogeneous Rie- 
mannian setting. In [I], Coulibaly et al constructed the ^-Brownian motion (i.e. the diffusion 
generated by |At), established the Bismut formula when (gt)t>o is the Ricci flow, which in par- 
ticular implies the gradient estimates of the associated heat semigroup. Next, by constructing 
horizontal diffusion processes, Coulibaly [2] investigated the optimal transportation inequality 
on time-inhomogeneous space. Moreover, Kuwada and Philipowski studied the non-explosion of 
gt-Brownian motion in [17] for the super Ricci flow, and the first author developed the coupling 
method to estimate the gradient of the semigroup in [T9] . Note that in [TS] , the coupling process 
was constructed as the limit of a sequence of time-inhomogeneous geodesic random walks, which 
avoids dealing with the cut-locus, but the coupling process is not direct and the proof is relatively 
complex. In this paper, we aim to give a intuitive construction of the coupling based on Wang's 
method (see [29} Chapter 3]). And it is further applied to transportation-cost inequalities and 
gradient estimation. For more development on the research on stochastic analysis on time- 
inhomogeneous space. See [18] for reviewing the monotonicity of /^-transportation cost from a 
probabilistic point; see [HUH] for the stochastic analysis on path space over time-inhomogeneous 
space. 

The rest parts of the paper are organized as follows. In Section 2, we first introduce the Lf- 
diffusion processes, and then present several explicit curvature conditions for the non-explosive 
of these processes. In Section 3, we first establish the derivative formula and derive the gradient 
estimates of diffusion semigroup, then characterize IZf by using the formulae of the gradient of 
the semigroup. Finally, in Section 4, we present some equivalent inequalities of the semigroup 
for the lower bound of IZf . 

2 The Li-diffusion process 

Let J-(M) be the frame bundle over M and Ot{M) be the orthonormal frame bundle over M 
with respect to gt- Let p : J'(M) — > M be the projection from J~{M) onto M. Let {eo,}^ =1 
be the canonical orthonormal basis of W 1 . For any u G F(M), let H\(u) be the V* horizontal 
lift of uei and {^^(u)}^ be the canonical basis of vertical fields over T(M), defined by 
Va,p( u ) = Tl u (exp(E a p)) , where E Q> p is the canonical basis of A4d(M), the d x d matric space 
over IR, and l u : G/^(R) —¥ F{M) is the left multiplication from the general linear group to 
F(M), i.e. l u ex.p(E a ^) = uexp(£; Qi/ 3). 

Let B t := [B\, -Bf , • • • , B?) be a Revalued Br ownian motion on a complete filtered proba- 
bility space (f2, {^t}t>o, I s ) with the natural filtration {^t}t>o- Assume the elliptic generator 
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Lt is a C 1 functional of time with associated metric gt : 

L t = At + Z t 

where Zt is a C 1 ' vector field on M. As in the time-homogeneous case, to construct the Lj- 
diffusion process, we first construct the corresponding horizontal diffusion process generated by 
^Ot(M) + Hz* solving the Stratonovich stochastic differential equation 

d 1 ^ 

du t = V2^Hl(u t ) o dB l t + H^(ut)dt - - ^ d t g t {u t e a , u t ep)V a p{u t )dt, 

i=l a,/3=l 

uo G O (M), 

where Aq^^ is the horizontal Laplace operator on Ot(M); LF Z (ut) is V* horizontal lift Zt- 
Similarly as explained in p], the last term promises ut G Ot(M). Since {i?^ }*e[0,T o ) is C 1 ' - 
smooth, the equation has a unique solution to its life time £ := lim £ n , where 

Cn := inf{t G [0,T C ) : pt(ptt , p«t) > n}, n > 1, inf := T c , 

where /?t stands for the distance induced by the metric gt- Let X t = pu t . Then X t solves the 
equation 

dX t = V2u t o dB t + Z t (X t )dt, X = x: = pu 
up to the life time £• By the ltd formula, for any / G Cq(M), 

f(X t ) - f(x) - f L s f(X s )ds = y/2 f (u; 1 V s f(X s ),dB s ) s 
Jo Jo 

is a martingale up to £; that is Xt the diffusion process generated by Lt, called the L^-diffusion 
process. When Zt = 0, then Xt := X t /2 is generated by ^A< and is known as the (^-Brownian 
motion. 

Throughout the paper, we only consider the case where the L^-diffusion process is non- 
explosive. In this case 

P S)t f(x) := K(f(X t )\X s = x), x G M, < s < t < T c , f G 3B h (M) 

gives rise to a Markov semigroup {P s ,t}o<s<t<T c on ^(M), which is called the diffusion semi- 
group generated by Lt- Here and in what follows, E x (resp. ¥ x ) stands for the expectation 
(resp. probability) taken for the underlying process starting from point x. Fixed a certain point 
o G M, denote pt(o,x) by pt(x) for simplicity. 

2.1 The non-explosion 

The main result in this subsection is presented as follows. 

Theorem 2.1. Let tjj G C(0, oo) and h G C([0,T c )) be non-negative such that for any t G [0,T C ), 

L t pt + ^\(x)<h{t)^{pt{x)) (2.1) 
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holds outside Cutt(o), the cut-locus of o associated with gt- If 

roo ft 



dt / exp 
! Ji 



ip(s)ds 

then the diffusion process generated by L t is non-explosive. 
Proof. Fix T G (0, T c ), then there exists c := sup^^yi h(t) > 0, 

(LtPt + ^)( x ) < <4{f>t{x)), and t e [0,T]. 



dr = oo, (2.2) 



Let 



rx ft f't 

dt I exp(— c / ^(s)ds)dr. 
It is easy to see that lim^oo f(x) = oo by Eq. (|2.2p . We know that for t G [0,T], 

\L t f opt + f'o fh^f) (x) = (f ° PtLtPt + f" °Pt + f'° Pt-^f) ( x ) 

= (f"°Pt + cf'(ptM P t)) (x)<l 

holds outside Cutt(o). Then, by [T71 Theorem 2], i.e. the Ito formula for radial part of X t , 

df o p t {X t ) < x/I^V'/ o Pt (X t ),dB t ) Rd + U t f oft + /'o pj*j£\ (X t )dt 
< ^(li^V/ o Pt (X t ),dB t ) Rd + dt 

holds up to the life time £. In particular, if Xq = x E M, then 

/(n)P^(Cn < t) < E x /(XtA Cn ) < f(p (x)) + t, t G [0,T). 

Since f(n) — > oo as n -> oo, this implies that 

P X (C < t) < lim P*(C„ < t) < lim + - = 0, t G [0,T). 

n— >oo n— >oo J \ n ) 

Therefore P(£ > T) = 1. Since T is arbitrary, we have 

P(C = T c ) = 1. 



□ 



We remark here that very recently in |17j . Kuwada and Philipowski have proved that the 
gt-Brownian motion is non-explosive when the family of metrics evolves under backwards super 
Ricci flow. 

As a consequence of Theorem 12.11 we present some explicit curvature conditions for the 
non-explosion of the L^-diffusion process, which extend the corresponding known conditions in 
[13j for the constant metric case and |17| for the backwards super Ricci flow case. As usual, 
for any two-tensor Tt, and any function /, we write Tj > /, if Tt(X,X) > / (X,X) t holds for 
X G TM. We have 
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Corollary 2.2. The diffusion process Xt is non-explosive in each of the following situations: 

(1) There exists a non-negative <fi G C([0, oo)) and h G C([0, T c )) ; such that IZf > —h(t)(j)(pt) 
and (|2.2|) holds fortp(s) := f Q s (j)(r)dr. In particular, it is the case iflZf > — h(t) log(e + pj) 
holds. 

(2) There exist non-negative and non- decreasing functions <f>,ip G C(0,oo) and /i G C([0,T c )) 
smc/i i/iai ()2.2p holds, RiQ > —h(t)(j)(p(t, •)) and 

3 tP i + <Z t , V'pt) t + - l)0Ot) coth {^<f>{(H)/{d - 1) pt) 
< MWpt)- (2.3) 

/toWs outside Cutt(o). In particular, it is the case that ifRict > -h{t)(l + p 2 ) log 2 (e + p t ) 
and dtpt + {Zt, V t pt) t < + Pt) log(e + pi) ZioWs outside Cut((o). 

Proof, (a) Let x ^ Cut^(o) and x ^ o. Fix i G [0,T C ). Let 7 be a minimizing unit-speed gt- 
geodesic from o to x. Let u := {u l ,u 2 , • • • ,u d ) G OfM, the orthonormal basis of T X M w.r.t. 
gt such that u d = j(pt(x)). Let {Ji}^ 1 be Jacobi fields along 7 such that Ji(t) = and 
Ji(pt(x)) = u l , 1 < i < d — 1. By the second variational formula, we have 

A tPt (x) = f2 r (X) {N\Mt ~ <i?*(7,^)7,^) t ) Wd*. 
i=i ^ 

Let C/j be the gf-parallel vector field along 7 such that U{(pt(x)) = u l and let /(s) = 1 A iV^ 
By the index lemma and noting that (see [22^ Lemma 5 and Remark 6]), 
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$M*) = 2 / ^(7W,7(s))ds, (2.4) 



we have 



L t p t (x) + d t p t (x) 

< {(d - l)/' 2 - / 2 Ri Ci ( 7 , 7 )) (l(s))ds 

fpt(x) rpt(x) 
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1 F Pt F pt \pb) 

2 ^ d t9t (^s),j(s))ds + (Z t ,V t p t ) t (o) + (v\ (s) Z t ^(s)) t ds 

d—i r pt{ ^ 

<—— + \Z t (o)\ t + h(t) 0( s )ds 
Pt{x) Jo 

<(h(t) + 1 + \Z t (o)\ t ) + 1 + r [X) Hs)ds) := h(t)$(pt(x)). 

\ Pt(x) Jo 



It is easy to see that (|2,2p holds for t/j if and only if it holds for tp. Then the desired assertion 
follows from Theorem l2.ll 

(b) By the Laplacian comparison theorem and the lower curvature condition of RiQ, one has 



A t pt < V(d-l)<Kpt) coth [y/<f>{pt)/{d-\)pt 
Therefore, (|2.3p implies ()2.ip . By Theorem 12.11 the L^-diffusion process is non-explosive. □ 
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2.2 Kolmogrov equations 

Theorem 2.3. For any f G SS^M), the backward Kolmogorov equation 

^-P a ,tf = -L s T s , t f, 0<s<t<T c (2.5) 
as 

holds. If further f G C 2 (M) such that ||^t/||oo is locally bounded, then the forward Kolmogorov 
equation 

^P S)t f = P s>t L t f, 0<s<t<T c (2.6) 

holds. 

The proof is completely similar to the time-homogeneous case (see [34, Theorem 2.1.3]), and 
we thus omit it. See also [20J for the integration form: for any < s < t < T c , 



P s ,tf = f+ f L r P r , t fdr, for / G & h {M); 

J s 

Ps,tf = f + f Ps, r L r fdr, for / G C 2 (M). 

J s 

For < t < T c , by Eq. (j2.5|) . we know that P S] tf is the solution of the following problem 

(d s u(s,x) = -L s u(t,x), s G [0,t]; 
\u(t,x) = f{x). 

On the other hand, for fixed time T G [0, T c ), let (^ T )te[o,T] be the L( T _ t ^ -diffusion process with 
semigroup {P s ,t}o<s<t<T- Then Px—tpf solves the equation 

jdtu(t,x) = L t u(t,x),t G [0,T], 
\u(0,x) = f(x). 

This time-reversed argument has important applications in the lifetime. For instance, Perelman 
used the reverse Ricci flow in his proof of the Poincare conjecture; the Bismute type formula 
and gradient estimate has been investigated in [lj by using the reverse (^-Brownian motion. 

3 Formulae for V S P S ^ and TZf 
3.1 Bismut formula 

The derivative formula for diffusion semigroup, known as Bismut-Elworthy-Li formula, is due to 
[HI [12], see Thalmaier [25] for a more general version. For the inhomogeneous case, Coulibaly et 
al. established in [I] the derivative formula for ^-Brownian motion. Here, we will simplify the 
proof in pQ and present a more general version of the formula following the line of [2S] . 

Let us introduce the W 1 (g> Revalued process {Q r ,t}o<s<t<T c , which solves the ordinary dif- 
ferential equation 

dQ r ,t 



dt 



-nf{u t )Qr,t, Qr,r=I, (3-1) 
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where u± is the horizontal L^-diffusion process with puo = x, and 1Zf(ut) G M. d ® M rf satisfies 

{nf{u t )a, b) Rd = K?(u t a, u t b), a, b G M d . 
Let if G C([0,T c ) x M) such that Tlf > K(t, •), t G [0,T C ). We have 



||Qr,t|| < exp 



K(s,X s )ds 



where || • || is the operator norm on IR^. The following is our main result in this section. We 
denote Qt '■= Qo,t for simplicity. 

Theorem 3.1. Let < s < t < T c , x G M and D be a compact domain in [s,t] x M such 
that (s,x) G D°, the interior of D. Let T£> : = inf{r > s : (r,X r ) ^ D}, where X s = x. Let 
F 6 C 2 ([s,i] x D) satisfy the heat equation 

d r F(r,-) = -L r F(r,-), re [s,t]. 

Then for any adapted absolutely continuous M + -valued process h such that h(s) = 0, h{u) = 1 
for u> t A T£>, and E(J* s * h' (u) 2 du) a < oo for some a > ^, 



X s = x \. (3.2) 



(u s )- 1 V s F(s,-)(x) = AT D ,X tATD ) j\'(u)Ql u dB, u 

Proof. First, let F s = F(s, •) for simplicity. By Theorem 13.11 and the well known Weitzenbock 
formula (see e.g. [151 [H]), we have 

^(dF s ) = —dL s F s = -d{-5dF s + (dF s )(Z s )} 

= - [Di(dF s ) + V s Zs (dF s ) + (V S Z S )(V S F S , •)] (3.3) 
= - {Al(dF s ) + V' Za (dF 8 )) +Ricf (-, V s F s ), 

where Di = —5d — d5 and A* = tr(V s ) 2 is defined on CI 1 , the smooth section of one- form. On 
the other hand, for / G C 2 (M), let df(u t ) G R d such that 



df(u t ) = ^2u t ei(f)ei,i.e. (df(u t ),a\=df(u t a), a el 
i=i 

Then, by the Ito formula and the definition of Qt, for a G M. d , we have 
d(df)(u t Q t a) = d(df(u t ),Q t a) Rd = (ddf (u t ) , Q t a) + (df(u t )dt,dQ t a 
, H V2u t dBt d f( Ut ^Q ta ) + { L Ot(M)&f{ut),Qta^dt 

1 d 

-z ^ \dtgt(utei,utej)Vij(u t )df(u t ),Qta\dt + (df(u t ),dQta 



V lwiZ d/ ' Qta ) + Qta ) dt + {^Af' & a ) dt 

1 d ~ 
- 2 X] d t gt(utei,utej) {df(u t ej)ei,Q t a) dt + (^df(u t ),-TZf(u t Q t a)^dt 

^v^tdfl.^/)^^ ) + [A* + V* Zt (d/)] KQ*a)di - ^(V*/, «iQ*a)dt 
-7Sf(V*/,«tQta)dt 

[At + V* Zt (d/)] (iitQ t a)di + V^ utdSt (d/)(« t Q t a) - Ricf (V'f^Qt^dt, 
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where the forth equality can be found in e.g. |13|. Proposition 2.2.1], 

H t Y df(u t )=V^df(u t ), and V h] (u t )df(u t ) = df(ue ] )e i ,YeT l>Ut M 
which can be easily checked by the definition of Vij(ut). Combining this with (|3.3p . we obtain 

d(V s F s (X s ),u s Q s a) s = V2Hess s Fs (u s dB s ,u s Q s a) (3.4) 
is a local martingale. Moreover, by the ltd formula 

dF s (X s ) = V2{V s F s (X s ),u s dB s ) s . 

So that 

F(tAT D ,X tATD ) = F(s,x) + V2 J {V r F r (X r ),u r dB r ) r . 

Therefore, 



-^E* !.F(t A T D ,X tATD )J^ (h'(r)Q r a, dB r ) 

= ^f X 1(f(s,x) + yftj A ° {V r F r {X T ),u r dB r ))j ^ (h'(r)Q r a,dB r ) 

( rt/\T D ^ 
= E X I J (V r F r {X r ),u r Q r a) r (h - l)'(r)dr j 

{tAT D } 
[(V r F r (X r ),u r Q r a) r -(h-l)(r)} \ 

ftAT D 

-E x (h-l){r)d(V r F r {X r ),u r Q r a) r 
= (V s F s (x),u s a) s , 

where the last step follows from (h — l)d(V r F r (X r ),u r Q r a) r is a martingale for r G [s,t] 
according to ()3.4p . □ 

If we choose some explicit process h in Theorem 13. 1\ then the associated gradient estimates 
of P s ,tf can be achieved by only using local geometry of the manifold. It is easy to see when 
F(t,x) = f(x), we have F(r, x) = P rtt f(x), r G [s,t]. 

Corollary 3.2. Let Tl z s > K(s, •) for some K G C([0,T c ) x M). For any x G M, let k s (x) = 
sup rg r s s+1 i(sup Br ,( ;!;)1 ) K(r, -)~ + |Z r | r (x)). Then there exists a constant c > such that 

lv s p ,, < ll/l|ooexp[c(l + K S )] 

' S ' tJU - y/(t-8)M 

Proof. The idea is essentially due to [26J. Without loss generality, we only consider s = 
for simplicity. By the semigroup property and the contraction of P s j, it suffices to prove for 
< t < 1 A T c . We will apply the derivative formula to D := {(r,y) G [0,t] x M : p r (x,y) < 
1}. D is closed and hence compact, since pt(x,y) is continuous as a function of (t,x,y). Let 
f(t,X t ) := cos(ir pt(x, Xt)/2). Let Xq = x and 

T(r) = (J /~ 2 (u,X u )d^ l{r.< TD } + ool {r>TD} . 



Recall that T£> is the first hitting time of (r,X r ) to dD. Let 

r(r) = inf{u > : T(u) > r}, r> 0. 
Then r o T(r) = T o r(r) = r for r < to- Since / < 1 and r(r) < r. Moreover, 

T ' (r) = T 7 or(r) = / 2 ( r (-)' X -M)- 
Define /i(r) = 1 — | Jq At ® / _2 ( r 5 ^r)dr. Then /i meets the requirement of Theorem 13.11 and 

J h'(r) 2 dr= ¥ J^ f-*(r,X r )dr=^J f- 2 (r, X r )dT{r) 



1 

T 2 







/-^(r(r),X T(r) )dr. (3.5) 



It is easy to see that (r(r), X T ( r )) is non-explosive on D. So it follows from Kendall's Ito formula 
that 

df- 2 (r(r),X T{r) ) < dM r + [f (L T(r) + d l ) /~ 2 ] (r(r),X T(r) )dr (3.6) 

holds for some local martingale M r . By the comparison theorem and the definition of k, there 
exists a constant c± > such that 

sin(7T,9 f .(x, -)/2) (L r + <9 r ) p r (x, •) < ci(l + k (x)), r G [0, i] 

holds on D. Thus, there exists a constant C2 > such that 

f (L r + a r ) r 2 = -2/- 1 (L r + a r ) / + 6/- 2 |v7l' 

<c 2 (l + K (x))f- 2 , rG [0,t] (3.7) 



holds on L>. Combining this with ()3.5p and (|3.6p . we obtain 

EM ti{rfdr<\ E x f~ 2 (r(r), X r(r) )dr < ^ / e C2(1+K » W)r dr 



1 JO r JO 

< ^ e c 3 (i+«oW) ) t G ( 0jl j ( 3-8 ) 

for some constant C3 > 0. Let v G T X M and |t> |o = 1. By the definition of Q r and 7£f > — kq(x) 
on D, we have 

\u T Q r UQ l v\ r <\v\ e CKoi - x \ r<r(i), < f < 1. 
Then, it follows from Theorem 13.11 and (|3.8p that 

1 2 

^ ||/J|ooCj 

Vt 

holds for some constant C4 > and all t £ (0, 1]. This completes the proof. 



|<V° j P , t /(^),^> | < H/llooe 



/ rr(t) \ 1 / 2 

cko(x) f E J h'{r) 2 dr\ < 



„ p c 4 (l+K (a;)) 

00 



□ 

Next, we present derivative formulae of P s t without using hitting times. 



Theorem 3.3. Assume that (L s + d s )p 2 s < c + hi(s) + h 2 (s)p 2 , s G [0, T c ) holds outside Cut s (o) 
for some constant c > and some non-negative functions h\,h 2 G C([0,T c )). If 



K z s > /13(a) - i6e-io s (M«)+i6)d^2 



(3.9) 



Zio/ds /or some /13 G C([0,T c )), then for any < s < t < T C; and /i G C 1 ([s,t]) sitc/i that 
h(s) = 0,h(t) = 1, 



V s P s , t f(x) = E {Ql^V'fiX^Xs = x} 
= ±^.U{X t )J ti(r)Q*, tr dB, 



X, = x 



(3.10) 



holds for some f G C^(M),x G M. In particular, taking h(s) = ^ s J^f ^ , there holds 

X s = x\. 

Proof. We again assume s = 0. By the Ito formula (see [17\ Theorem 2]), 

dp 2 (X s ) < 2V2 Ps (X s )db s + {c + hx(s) + h 2 (s)p 2 (X s ))ds 

holds for some one-dimensional Brownian motion bf. Let 

A(a) = f (h 2 (u) + 16)du. 
Jo 



Then we have 



d 



-\(s) 2 



pi(Xs) 



< e -m 

— e 



2V2p s {X s )db s + (c + h x (s) + h 2 (s)p 2 (X s )) ds 
x ^(h 2 (s) + l6)p 2 (X s )ds 
2V2e- x ^p s (X s )db s - We- x ^p 2 (X s )ds 
+ (c + h^e-^ds. 



Therefore, letting C{t,x) := e p °^ +ct+ ti hi(«)d« ) we have 



E x exp <^ 16 / p s (X s )e~ x{s) ds } <E x exp <^ 2^2 / p 2 s (X s ) e - x( - s) db s } ■ C(t,x) 



tA(„ 



Thus 



<E x exp|l6 J p 2 {X s )e- 2Xis) dsj -C{t,. 
E x exp|l6 J p 2 (X s )e- x{s) dsj < C(t,x) 2 . 



Letting n — > 00, we arrive at 



E x exp|l6^*p^ Xs)e -A( s ) ds | < c(t)X) 2_ 

Combining this with (|3.9|) . we conclude that for K(s,x) = h^(s) — l6e~fo (^("H 16 )^^ one h as 

Hf>K(s,-), sG [0,t], 
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and 

supEVo tA: " (s,Xs)ds = supE x exp{l6 f e~ fo (h ^ +1 V du p 2 (s,X s )ds } < x. 

where K C M is a compact subset. Following the proof of [2H Theorems 3.1 and 9.1], we 
conclude that sup sg r 0]t i || ^7 s P s ,tf\\oo < oo. Then the first equality follows from (|3.10p by taking 

E x sup | {V s P S)t f(X s ),u s Q s a) s \ < || V '/HooEVo k~ <00) a G and ||a|| = 1. 

se[o,t] 

Thus 

(V s P s , t /(x),n s Q s a) s , s G [0,t] 

is a uniformly integrable martingale, and thus (|3.2|) holds for t in place of t A td and any 
/i G C 1 ([0, t]) with /i(0) = 0, h(t) = 1. Therefore, the second equality holds. □ 

By Corollary 12.21 and the Laplacian comparison theorem, the assumption (L s + d s ) p 2 < 
c + hi(s) + h2(s)p 2 s in Theorem 13.31 follows from each of the following conditions: 

(Al) there exists a non-negative C G C([0,T c )) such that 7£f > — C(i); 

(A2) there exists two non- negative functions C±,C2 G C([0,T c )), such that 

Ric 4 > -Ci(t)(l + pf), and + {Z t ,V t pt) t < C 2 (i)(l + 

3.2 Asymptotic Formula for 7^f 

In this subsection, we present the characterizations of TZf by using the gradient of P Sj t, which 
is a extension of |24} [5] for the case with constant metric. 

Theorem 3.4. Let x G M, /or any s G [0,T C ), X G T X M, toii/i |X| S = 1. Let f G C£°(M) suc/z 
f/iaf V s /(x) = X and Hessj(x) = 0, and let f n = n + f for n > 1. Then, 
(1) /or any p > ; 



Rf( x l i ) = lim fii»»i ; (3.H, 



(2) for any p > 1, 



ttf(X,X) = lim Jim J- uu"^ ~ I^M/ni; I (*) 

n->oo 4s t - s I 4(p — l)(r — s) 

= lim lim J- (psAv'ni - p{ Y 2n ~Z s ' tf \ n I ^ ( 3 - 12 ) 

n^oo tis t — s \ 4(p — \){t — s) 

(3) TZg(X,X) is equal to each of the following limits: 

lim lim- {(P s ,tfn) [PsAfnlogfn) - (P s , t f n ) log P a , t / n ] - (t - S ) | V*P M /| ^ } (x). (3.13) 

lim lim 1 {4(t - s)P s>t \V t f\l + (P s , t f 2 ) log P s , t f 2 - P s<t f 2 logf 2 } (x). (3.14) 

n->oo tit 4(l — SJ Z 
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Proof. (1) Without loss generality, we only prove for s = 0. The proof is similar to the cor- 

'J 



responding ones in [23] for constant metric case. Since V / = X and Hess° f (x) = 0. By the 



Bochner-Weitzenbock formula, we have 

r§(/, f)(x) := h \V°f\ 2 Q (x) - (V /, V°L /> (x) = Ricf (X, X). 
Therefore, the first assertion follows from Theorem 12.31 and the Taylor expansion at point x 

%|V*/|f 



(recall that HesSf(x) = 0). That is 



|v u /lg+Uo|v u /lg + ^U |v7irH + o(t) 



=|v°/|g + (f |vVir 2 ^o|v°/l8 - ||v /ir 2 %*k=o(v /, v°/)jt + o(t), 

and 

|V P , t /|g = I V°/|g + P*|V°/ir 2 <V°L /, V°/> + °(t), 
where in the first equality, we use the formula 

^|V/l? = -^(v*/,v'/). 

These equalities futher imply 

^MJ.^WW^^VW. (3. 15) 

u v ' t->0 pt v ' 

(2) Let f n = n + / , which is positive for large n. We have, for small t > and large n, 

dPa,tf n td t fl r> /ni r j- i olnt* |2\. 



dt 



P ,t^/„ = PaMnLtfn + 2|V7, 



nit 7> 



d Po ' t/ " - Po, t L*f 2 n +Po,t ( 2/ n ^ - 2%,(VV.,VVn) 



and 



dt 2 1 d i 



P (p ,tti /p ) p - 2 Po,t l-f! \s n + -(- - i)/l V/«it ) , 



d2(p yf /P)p = P {p - i)(p ,tf 2 jn p -\Po,tL t fjn 2 + PiPo.fjr-'Po, ( L*tf* 



dt 2 



p at p p J 



Thus, we have 

/ 2(p-l) \ .2 / 2(p-2) 

Po, J„ 2 - (Po, J^T = t (L / n 2 - pf n * L f^j + - [Llfl - p(p - l)f n * (L / n 2 / p ) 
-pfT^LlfJv - 4^-^ t | t=0 (V /, V /)) + o(t 2 ) 
= 8(P ~ 1)t2 (V /, V%/> - 2(P ~ 1)t2 ^| t= o(V°/,V°/) 
+ v°/|g + 4(p " 1)t2 r°(/, /) + i^n" 1 ) + o(t 2 ). 
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We remark here that o(t 2 ) depends on n but 0(n 1 ) is independent of t. By the definition of 
rS] and 

|V°P 0j t/n|g = | V°/lo + 2t <V /, V°L /> + o(t), (3.16) 

we obtain the first equality in (2). And the second equality follows as 

Po,t\^f\ 2 t = |V°/lo + t (L \V°f\l - d t g t \ t=Q (V°f, V /)) + o(t). (3.17) 

(3) The two equality in (3) can be proved by combining (|3.16p and ()3.17p with the following two 
asymptotic formulae respectively. 

(Po,tfn){P ,t(fnlogf n ) - (P , t fn) bg P ,tf n } 
= {fn + tO(l) + o(t))lt[L (f n log f n ) - (1 + log fn)L fn] 



t 2 



L&U log /„) - (1 + log fn)L 2 f n - T {Lof n ) 2 - T d t g t \ t=0 {V° f , V /) 

Jn Jn 



+ o{t 2 



=t\V Q f\ 2 + t 2 T° 2 (f, /) + 2t 2 <V /, V%/} - 2^^k=o(V /, V /) 
+ t 2 0(n- 2 ) + o(t 2 ), 

and 

(P , t f 2 ) log P , t f 2 - P , t (f 2 log f 2 ) 



--t [(1 + log f 2 )L f 2 - L (f 2 log f 2 )] 

+ ^[fn\L f 2 ) 2 + (1 + log f 2 )L 2 f 2 - Lltfl log ^) + 4^ t | t=Q (V°/n,V%)] +o(i 2 
= - 4*|V°/|g - 4t 2 <V%/, V°/> + 2t 2 ^| 4=0 (V /, V /) 
- 2t 2 L |V°/lo + o{t 2 ) + t 2 0(n~ l ). 



□ 



4 Equivalent semigroup inequalities for the lower bound of 1Z 



In this section, we aim to provide various equivalent inhomogeneous semigroup properties for 
the curvature lower bound condition, 

K?>K(t,-), te[0,T c ). (4.1) 

In §4.1, we present some equivalent gradient inequities for (|4,ip . To derive more equivalent 
inequalities, we introduce in §4.2 two crucial couplings of the Lj-diffusion process. Finally, in 
§4.3, we present more equivalent semigroup inequities for (|4.ip . 

4.1 Equivalent gradient inequlities 

Theorem 4.1. Assume (Al) or (A2) holds. Let p > 1 and p = p A 2. Then for any K S 
C([0, T c ) x M) such that K(t, x)~ / p 2 (x) — > as pt(x) — > oo ; the following statements are 
equivalent each other: 
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(1) flEED holds. 

(2) For any x G M, < s <t < T c , and f G C£(M), 

|V s P M /(x)|? < E{|V*/|?(^)exp[-p f K(r,X r )dr]\X s = x} 

J s 

(3) For any < s < t < T c , x G M and positive f G Cl(M), 



p[P.,tf* ~ (Ps,tf 1/P y] < E (| Vt/ |2 (Xt) f e -2P u K { r,X r)A r du 



4(P " 1) 

where when p = 1, the inequality is understood as its limit as p 4- 1: 
P M (/ 2 log/ 2 )(x) - (P s , t / 2 logP s , t / 2 )(x) 
< 4E jlVVltM^ e- 2 ^^ r ' x -) dP d«|JC i 



X, = x 



(4) For any < s < t < T c , x G M and positive f G C^M), 
|V s P s ,t/| 2 (x) 
< 



[Ps,tP ~ (Ps,tff](x) 



p{p-l)H {E{(P Ujt f) 2 -P(X u )ex V [-2^K(r,X r )dr}\X s = x}) 1 du 
where when p = 1, the inequality is understood as its limit as p 4- 1." 

,2,_W fr,*(/l°g/) " (^,t/)logP s , t /](x) 



|V a P fl , t /|f(x) < 



/* (E{P„, t /(X u ) exp [-2 / s u K(r, X r )dr]|X s = x}) du 



Proof. According to the proof of Theorem 13.31 Eexp(p JqK~(s, X s )ds) < oo holds for any 
p > 0, < t < T c and x G M. So according to Theorem 13.41 we obtain (1) by applying (2) 
to / G C^°(M) such that Hessy(x) = or apply (3) to n + / in place of /, or applying (4) to 
(/ + n) 2//p when p > 1 (resp. / + n when / + n when p = 1) in place of /. So, it suffices to show 
that (1) implies (2)-(4). 

First, if Tlf > K(t, •), t G [0,T C ), then by the first equality in (|3TTUD and flEE]), we have 

\V s P Sit f\ s (x) <E||V'/k(X)exp [- f\{u,X u )du] X s = xj 

ft >| VP 



<E||V*/|?Mejcp[-p^ K(u,X u )du] 



thus, (2) holds. 

To prove (3) and (4), let p G (1,2]. By an approximation argument, we assume that / G 
C°°(M) and is constant outside a compact set such that ||Lt/||oo is locally bounded for any 
p > 1. Without loss generality, we only prove for s = 0. In this case, by Kolmogorov equations, 
Theorem 12.31 and using (2) for p = 1, we obtain at point x that 

^Po,«(^/ 2/ T(aO = Po,u {p(j>- l)(Pu,tf 2/ n p - 2 N {u) P u ,tf /p \l} 



< 



< 



p( P -i)E x {(p u , t f/py- 2 (x u )E [ivV^ltMe-"^^'^!^,]} 

— ^-E^ ((P u ,J 2 /Pr 2 (X u )(P u ,J^)(X u )E [|VV| 2 (*t)e- 2/ > (r ' Xl - )dr 
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Since 2 — p £ [0,1], by the Jensen inequality 

Pu/-^ < (p u ,tf 2/p r p - 

Combining this with the Markov property, we arrive at 

^Po,u(Pu,tf 2/p nx) < ^-^E* {iWlfMe- 2 ^^^)*} , u G [0,t). 
This implies (3) for s = by taking integral over [0, t]. Similarly, 

^P ,u(Pu,tf) P = Pip - l)PoA(Pu,tf) p - 2 \y {u) Pu,tf\ 2 u } 

p(p-l) (E x \V^P u , t f\ u (X u )e~Io K ^ x r)^y 

> p(p-l)\V°Po,tf\ 2 o 

~ E* {{P u ,tf) 2 -P(X u )e- 2 Io K ^ dr } ' 

Integrating over [0,t], we prove (4) for s = 0. □ 

When the metric is independent of t and K is constant, the above equivalences are well- 
known (see e.g.0 HI [6]). For more general case of K G C(M), we refer the readers to [34"1 
Theorem 2.3.1]. 

4.2 Coupling for the L t -diffusion process 

Next, we aim to present equivalent Harnack inequalities and transportation-cost inequalities for 
the curvature IZf low bound. To this end, let us first introduce two crucial couplings for the 
diffusion process generated by Lt, namely, the couplings by parallel and reflecting displacement. 
When the metric is independent of t, the reflecting coupling on manifold was first introduced 
by Kendall (see |16| ) and further refined by Cranston |11| for constant metric case. For the 
time-inhomogeneous case, recently, Kuwada [191 [T8] construct these couplings by approximation 
via geodesic random walks. Here, we will adopt the method inspired from [29\ Theorem2.1.1 
and Proposition 2.5.1], where these couplings were constructed by solving SDEs on M x M 
with singular coefficients on the cut-locus for the case with constant metric. Compared with the 
constructions |19j . our argument is more straightforward. 

Recall that Cutt(x) is the set of the gt-cut-locus of x on M. Then, the (^-cut-locus Cutt and 
the space time cutlocus CutsT are defined by 

Cut t = {(x,y) G M x M\y G Cut t (x)}; 
CutsT = {(t,x,y) G [0,T C ) x M x M\(x,y) G Cutt}. 

Set D(M) := {(x,x)\x G M}. For a smooth curve 7 and smooth vector fields U, V along 7, the 
index form I*(U,V) is given by 

4(17, V) = j (<y\U, V\V) f - (Rt(U, 7)7, V) t ) (l(s))ds, 



15 



where Rt is the Ricci tensor with respect to gt- 

For any (x,y) Cutj with x / y, let {Jf}fli be Jacobi fields along the minimal geodesic 7 
from x to y with respect to gt such that at x and y, {J*, 7 : 1 < i < d — 1} is an orthonormal 
basis. Let 

d-l 

I t z (x,y) := Ys^tiJt 4) + Z tPt (;y)(x) + Z tPt (x, -)(y). 
i=i 

Moreover, let P* : T X M — >■ T y M be the parallel transform along the geodesic 7, and let 

M^ y : T-rM -> T y M; « m- P* il/W - 2 («, 7 ) t (x) 7 (y) 

be the mirror reflection. Then P* and M* y are smooth outside Cut^ and D(M). For conve- 
nience, we set P* j. and M* be the identity for x G M. 

Theorem 4.2. Let x ^ y and < T < T c be fixed. Let U : [0, T] x M x M -»• TM 2 6e C 1 -smooth 
in (Cut ST U [0,T] x D{M)) C . 

(1) There exist two Brownian motion B t and B t on the probability space (fi, {<^t}t>o, swc/i 

1 {(X i ,X t )^Cut t } d5 * = 1 {(X i ,X t )^Cut t } n t 1P X t ,Xt UtdBt 

holds, where X t with lift ut and X t with lift u t solve the equation 

' dX t = V2u t o dB t + Z t (X t )dt, X = x, 

< . n „ , _ . , (4-2) 
dX t = V2u t o dB t + |Z t (X t ) + C/(t,X t ,X t )l {Xt ^ t} | dt, X = y. 

Moreover, 

dp t (X t ,X t ) < !^^dMj(s)^(s))ds + I t z (X t ,X t ) 

+ (u(t,X t ,X t ),V t p t (X tr )(X t )) t l {Xt ^ t} y t . (4.3) 

(2) The first assertion in (1) holds with M* - m p/ace of P l ~ . In this case, 

Xt,Xt Xt,Xt 

d Pt (X t ,X t ) < 2V2db t + |i J d t g t (j(s),>y(s))ds + I t z \X t ,X t ) 

+ (u{t,X u X t ),V t Pt {X t: .)(X t ))l {Xt ^ t} yt (4.4) 

/joZds /or some one- dimensional Brownian motion bf. 

Proof. Without loss generality, we only deal with the reflecting coupling case for {7 = 0. More- 
over, to save space, we only prove (2). 

(a) Construction of couplings. Recall that ut, the horizontal lift of X t , satisfies the following 
SDE 

d ■ 1 

du t = s/2^2Hf(u t ) o dB\ + Bf| t (ut)dt - -^2d t gt{u t e ai u t ep)V a p(ut)dt, 

i=l a,f3 

n G O t (M), p(u ) = x. 
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For given x 7^ y with (x, y) ^ Cutj, let 7 be the minimal geodesic from x to y. 

Following the line of [28], we approximate M* by smooth operators vanishing in a neigh- 
borhood of these sets. More precise, for any n > 1 and e G (0,1), let /i nj£ 6 C°°(1R + ) such 
that 

< h n ,e < (1 - e), VelfO = °> VeLi 00) = 1 ~ £ - 
Next, let g n E C°°, such that < g n < 1, <?n|[o J-i = 0> ffnlri 00) = 1- Now define 

h n:£ (t,x,y) = h nj£ (p gt ®g t ((x,y),Cut t )), g n (t,x,y) = g n (p t (x,y)), 

where p gt ® gt is the Riemannian distance on M x M. Let m™' £ and X f n,£ := pu™' £ solve the SDE 

f d 1 

d«r = v / 2(^, £ 5n)(i, *d E F *(^ ,e ) d ^ - 2 E a ^ («r e a , «r )d* 

+^2(1 - ( v £ 5j 2 (t, * t> )) E ° di?r + i^ndt, 

j=i 

^■ £ e t (M), p(^' £ ) = y, 

(4.5) 

where B' t is a Brownian motion on M. d independent of Bt, and dBt = i^h' 6 ) ^^M 1 ~ n , E utdBt. 
Since the coefficients involved in (|4.5p are at least C ' , the solution u™' £ exists uniquely. 
Let us observe that (ut,u™' £ ) is generated by 

L S t V)(*)( u *' fi r' £ ) : = A Ot(M)(^t) + &o t (M){ut ,S ) + flz t («t) + H z t (ut' £ ) 

d 

+ K )S g n (t,X t ,X?> e ) E ( M x t ,X^ U i e i^t' £e j) t Ht u t e z Ht u^ e:j 

Next, let 

d 

L n A e {t){x,y) :=A t (x) + A t (y) + Z t (s) + Z t (y) + h n , E g n (t,x,y) E <M^*i) t ^ 

where {-Xj} and {1^} are orthonormal bases at x and y respectively. It is easy to see that 
(X t ,X™' £ ) := (pu t ,pu™' £ ) is generated by I7^(t) and hence, is a coupling of the L t -diffusion 
processes as the marginal operators of L^ £ (i) coincide with Lj. 

Since in some neighborhood of CutgrU [0, T] x D(M) the coupling is independent and hence, 
behaves as a ^-Brownian motion with drift on M x M. Thus following from \17\ Theorem2], 
the ltd formula for radial process pt(o,X t ), one has 

dp t (X t , X^ £ ) =2y/(h ntS g n )(t,X t ,X^) + l db?> £ - dZ™' £ + d/, n ' £ + d tPt (X t , X?< £ )dt 

+ 1 (Cut ST U[0,T]xD(M)) c [^n,e5n^ Z + (1 ~ h n>E g n )S](t, X t , X^' £ )dt, (4.6) 

where b^' £ is an one-dimensional Brownian motion, Z™' £ is an increasing process which increases 
only when (Xt,X™' £ ) 6 Cut*, J™' £ is the local time at D(M) (Note that when d > 2 a strictly 
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elliptic diffusion process on M x M never visit D(M) so that J t n,e = 0), and 

S(t, x, y) := L t pt{-, y){x) + L t p t (x, -)(y); 
/ Z (t,x,y) :=I t z (x,y). 

Now, let P^f } be the distribution of (X t , X™' £ ), which is a probability measure on the path 
space Mj x My, where 

Mj:= { 7 GC([0,T],M) : 7o =x} 

is equipped with the cr-field J^J induced by all measurable cylindric functions. Since (Mj, ^J) 
is metrizable with a Polish metric p, Mj x is metrizable as a Polish space too. Since 
{Pn'I : n > l,e > 0} is a family of couplings for P x and ¥ y , it is tight by |23} Lemma 4]. 
Therefore, for each e > 0, there exists a probability measure Fg' v and sub sequence {n&} such 
that Pn'fc,e - ► Pe'^(fc — >■ oo) weakly and hence Pg' y is once again a coupling of P x and P y . 
Moreover, let — > so that P^ — > P x,y weakly, then P x,y is also a coupling of P x and P 2 '. 

Let (Xt,Xt) be the coordinate (or cadlag) process in (Mj x Mj, x J^J) and let {#t}t>0 
be the natural filtration. Similar to that explained in the proof of Theorem 2] , we first define 

d 

L t (x,y) = L t (x) +L t (y) + l (Cu t t uD(M)) c (^, 

It is trivial to see that ¥ x ' y solves the martingale problem for Lt up to the coupling time, i.e. 
for any / G Cg°(M x M/D(M)), 

f(X t ,X t )- f L s f(X s ,X s )ds 
Jo 

is a P^-martingale w.r.t & up to inf{t G [0,T] : X t = X t }. Then (X t ,X t ) under P 3 ^ is a 
coupling of the L^-diffusion process starting from (x,y), is a weak solution and the solution of 

(B2I). 

(6) Proof of (|4,4p . We only consider noncompact M, for the compact case the proof is simpler 
by dropping the stopping time r below. Let B be a fixed bounded smooth open domain in M. 
Given N > 1, the Laplacian comparison theorem implies that there exists a constant C > 
such that S(t,x,y) < C for all (t,x,y) G [0, T] x B x B with p t (x,y) > i. We first claim that 

{t G [0,21 | (X t ,X t n ' £ ) G Cut*} and {t G [0,T] | (X t ,X t £ ) G Cut,} (4.7) 

have Lebesgue measure zero almost surely. This assertion can be checked similar as \29\ Lemma 
2.1.2] by observing that L n ^(t) is strictly elliptic, then P n > £ {A) := F((X t ,X^' £ ) G A) has a density 
p™' £ (x, y) with respect to the product volume measure gt®gt- Since by (|4.7p . lcut ( (Xt, X™' £ ) = 
a.s., it follows from (|4.6|) that, when (t,x,y) G [0, T] x B x B with p t (x,y) > jf, 

dp t (X t ,X?' £ ) =2yJ(h n<£ g n )(t,X t ,X^) + l db?' £ - d/"' e + d t p t (X t , X?> e )dt 

+ [h n ,e9 n J+ (1 " hn,eg n )C\{t,X t ,X^ £ )dt, (4.8) 
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where J G C([0, T] x M x M), J > I z on (Cut 5T U [0, T] x D(M)) C and [™' £ is a larger increasing 
process. Now let / G C 2 (1R) with /' > and /'|[o,i/jv] = 0- By the Ito's formula we obtain from 
(|4.8|) that, for any n>N (recall that ~g n (t,x,y) = 1 if p t (x,y) > 1/n), 

tAr n ^ _ _ _ 

{2{h n , £ + i)f" o p + (d sP + /i n>e J + (i - K t£ )C)f o P } ( s , x s , x^ £ )ds 

is a supermartingale, where r n)£ := inf{f > : (Xt,X™' £ ) ^ B x B}. Here and what follows, 
p(t,x,y) := pt(x,y). Therefore, for the coordinate process (£t,Vt) with r := inf{t > : ^ 
B x B}, 

"S?'^/) : =/ ° Pt(£tAT,VtAr) 

- / {2(h n . £ + 1)/" o p + + h„, i£ J + (1 - V £ )C) /' o p) (s, 6, %)ds 

JO 

is a P^'f-supermartingale. Thus, for any t > t' and J^/ -measurable nonnegative g G Cb(Mj x 
Mj), one has 

(/) < E**^ e (/), n > N, (4.9) 

where and similarly in the sequel for E, £ ' y and E x,y with respect to ¥ £ ' y and P 1 '^, E^'f is the 
expectation with respect to Pn'f • 

Since {t G [0,T] | (Xt,Xf) G Cutf} is a null-set w.r.t. the Lebesgue measure, one has 

So for any S > there exists m > 1 such that 

/ < P^((6,r ?s )GC4)d S <,5, (4.10) 
Jo 

where := {(x,y) : p gs ® gs ((x,y),Cut s ) < ^}. Since C s m is closed, we have 
Ihn" P^ £ ((6,r? s ) G C^) < F?'"((&,17.) 6 C m ), s > 0. 

fc— >oo K ' 

Hence, 

Ihn f^lMs^ s ) G C£)ds < 5. (4.11) 

By (|4.9p . (|4.10p . (|4.1ip and the continuity of the path, note that h n = 1 — e on for n > m, 
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we have for some constant C\ > 0, 

K"StU)9 =K' V d{f o P*(6at, r?Mr) - ^ 1 {S<T} [2(2 - e)f" o p 
+ (d s p + (1 - e) J + eC)/' o p] ( s , 6, %)ds} 
= lim E^{/ o p t (£ tAr , mAT ) - f 1 {S<T} [2(2 - e)f" o p 

+ (c\p + (1 - e)J + eC)/' o p] ( s , 6, r? s )ds} 

< lim E^ £ Sf' £ (/)g + 8C X < lim E^ £ ^' £ (/) + 8d 

k— >oo fc— >oo 

< I™ E** e J/ o ptCe^Ar, WAr) " / l{s<r} [2(2 - e)/" O p 

+ ((1 - e)J + eC + d s p)f o p] ( a , £ s , rj 8 )ds} + 25d 
=E^gSf,(f) + 25C 1 . 

Letting 5—^0, we obtain 

EfygSt(f)<EfVgSt,(f). (4.12) 

Let 

ptAT 

St(f) ■= f ° PtAr((,tAT,VtAr) ~ [(J + 9 s p) fop + if" O p] ( S , £ s , T) s )ds. 

JO 

Then S^/) — > St(f) uniformly as e — > 0. By the continuity of the path and (|4.12|) we obtain 
E x >y g S t (f) = lim E%fg{f o p^Ar, *Mr) 



- / 1 {S<T} [(J + d s p) fop + 4/" o p] ( s , ^, Vs )ds 
Jo 

= lim E x £ fgS £ t l (f) < lim W^g^tf) = E^gSAf). 

This means that St(f) is a P x,s/ -supermartingale as i > t' and ^/-measurable nonnegative 
g G C(,(Mj x Mj) are arbitrary. 

Now, let / G C 2 (M) with /' > be fixed. For any N > 1, let 

TV :=inf{t>0:p t (&,?7t) < 1/iV}. 

One has T\r — >• T as N — > oo. Let us take / G C 2 (1R) such that /' > 0, / / |[o,i/(2Af)] = an d 
/ = / on [l/iV,oo). Let 

dN t (f) ~dfop t ^ t , Vt )-[(J + d t p)f'op + Af"op] (t,^ t , Vt )dt, N (f) :=fop (x,y). (4.13) 

Then due to the concrete choice of /, one has NtAT N Ar(f) = StAT N Ar(f) and hence is a P x <y- 
supermartingale. Letting N — > oo, we conclude that Nt/\TAr(f) is a P^-supermartingale too. 
In particular, for /(r) := r, 

r-tATAr 

St ■■= PtATAT{^tATAT,VtATAr) ~ / (J + <9 s p) (s, £ s , 
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is a bounded continuous P x,s/ -supermartingale. By Doob-Meyer's decomposition and the non- 
explosion (i.e. r — > oo as B — > M), one has 



dpt&,Vt) = dM t + ( J + d tP )(t, £ t ,rit)dt - dl t , t < T, 

where Mt is a local martingale and It is a predictable increasing process. 

(c) Choose f(r) = e Nr in (|4TT3]) . Letting N goes to infinity, we obtain d (M t , M t ) = Mt. As 
long as (t,X t ,X t ) stays away from [0, T] x D(M) and CutsTi by (|2.4p and the ltd formula, one 
has 



dp t (X t ,X t ) = 2V2db t + 



\ I dt9t(j(s),i(s))ds + I t z (X u X t ) 



dt. 



Therefore, when J is chosen as a modification of I z on [0,T] x D(M) and CutsT> ^ is an 
increasing process supporting only on {t : X t ) £ Cut*}. 

□ 



As a consequence of Theorem 14.21 we have the following alternative proof of "(1) implying 
(2)" in Theorem 14.11 for p = 1. See also for gt being the Ricci flow in 



Corollary 4.3. Assume that Tlf > K(t) for some K G C X {[Q,T C )). Then 

|V s P s , t /| s < e-/>M dr P s , t |VV|t, / e C l b (M), 0<s<t<T c . 

Proof. To apply Theorem 14. 2\ we first observe that 

\ dMj(s)n(s))ds + I t z (x,y) < r < ^f(7(s),7(s))ds, x,y £ M. 
z Jo Jo 

where 7 : [0, pt(x,y)] — >• M is the minimal geodesic from x to y. 

Now, let U = and (A t , Xt) be the coupling by parallel displacement for Xq = x, Xq = y. 
By Theorem 14.21 for U = 0, we have 

dp t (X t ,X t ) < -K(t)pt(X t ,X t )dt. 

Thus, p t (X t ,X t ) < e-fs K ^ dr p s {x,y). So, by the dominated convergence theorem, 

E{\f(X t )-f(X t )\ I (X s ,X s ) = (x,y)] 



\V s P Syt f{x)\ s < limsup 



y^x Ps(x,y) 

< £ K(r) d r Um sup E f \f{Xt)-f(X t 

y^x { Pt(X t ,X t ) 

= e -/>(r)drp sf | V t / | t _ 



(A s ,X s ) = (x,y) 



□ 
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4.3 Some other equivalent inequalities for (14. ip 



In this section, we want to give virous equivalent statements for the new curvature condition by 
the derivative formula and coupling method. 

Let (p : R + — > M + be a non-decreasing function, we define a cost function 

C t (x,y) = ip(p t (x,y)). 

To the cost function Ct, we associate the Monge-Kantorovich minimization between two proba- 
bility measures on M, 



Wc t {fJ>,v)= mf / C t (x,y)dr](x,y), 



(4.14) 



where ^(p, v) is the set of all probability measures on M x M with marginal p and v. We 
denote 

the Wasserstein distance associated to p > 1. 

Our main task in this subsection is to prove the following result. 

Theorem 4.4. Let p > 1, and p s j(x,y) be the heat kernel of P s j w.r.t. measure pt equivalent 
to the volume measure w.r.t. gt- Then the following assertions are equivalent to each other. 

(1) (jHD holds for K G C([0,T c )). 

(2) For any x,y G M and < s < t < T c , 

W p , t (5 x P s , t ,6 y P s>t ) < Ps {x,y)e-^ K ^ Ar . 

(2') For any v\,V2 G £P(M), the space of all the probability measure on M , and < s < t < T c , 

W Ptt (viPs,t,V2Ps,t) < W p . s {v u v 2 )e-Ss K ^ Ar . 



(3) When p > 1, for any f G ^(M) and < s < t < T c , 



(Ps,tf) p (x) < P s ,tf p {y) exp ^C(s, t, K)p 2 (x, y) 

where C(s,t,K) = 4j^e 2 ^ K ( u ) du d r . And it keeps the same meaning in (4), (5), (6). 

(4) For any f € @£(M) with / > 1 and < s < t < T c , 

P s ,t log f(x) < log P s , t f(y) + C(s, t, K)p 2 (x, y). 

(5) When p > 1, for any < s < t < T c and x, y G M, 



VsA x ^V) 7 T Ht{dz) < exp 

M \Ps,t{y^ z )J 



V 



; C(s,t,K)p 2 (x,y) 
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(6) For any < s < t < T c and x, y G M, 

[ Vs,t{x, y) log Ps ' t ^f' lV \ n t {dz) < pl(x, y)C{s, t, K). 

Jm Ps,t{y,z) 

(7) For any 0<s<u<t<T c and 1 < q± < q2 such that 

q 2 -l _ Jle 2 -f: K ^&u 

91-1 ~ rn e 2f-K(r)dr du 
J s 

there holds 

{PsAPu,tf) q2 }^ < (Ps,tf qi )^, f > 0,f € # 6 (M). 

(8) For any 0<s<n<i<T c and < 02 < qi or q2 < qi < such that (|4.15[) holds, 

(9) For any < s < t < T c and f G C£(M), 

|V S P M /|? < e-^X u ) du P Sit |V*/|?- 

(10) Forany0<s<t< T c and positive f G C^(M), 
(pA2){P s , t / 2 -(P M / 2 /(^ 2 )r 2 } 



(4.15) 



< 



/V 2 />w*cbP s , t |v7l?- 

./s 



4(p A 2 - 1) 

When p = 1, the inequality reduces to the log-Sobolev inequality 

P Sii (/ 2 log/ 2 ) - (P s , t / 2 )logP Sjt / 2 < 4 /V^^duP^V'/l 

J s 



d t gt(i(s),j(s))ds + I t z (x,y) < -K{t)p(x,y). 



Proof. The equivalence of (1), (9) and (10) follows directly from Theorem 14.11 with continuous 
function K only dependent of time t. Moreover, according to the Young inequality, we see that 
(3) implies (4). Therefore, it remains to prove that (1) is equivalent to (2), (1) implies (3), (4) 
implies (1), and (10) with p = 1 is equivalent to each of (7) and (8). 

(a) (1) is equivalent to (2), (2 ; ). By (1) and the index lemma, we have 

1 

2 

So, using the coupling by parallel displacement and Theorem 14.21 with U = 0, we obtain from 
(1) that 

W Pjt {6 x P Sjt ,S y P s>t ) < {E(p t (X t ,X t )P\(X s ,X s ) = (x,y))} VP 
<p s (x,y)e-fs K ^ du . 

That is, (1) implies (2). Obviously, (2') implies (2). It is also easy to see that (2) implies (2 ; ), 
so that they are equivalent. Indeed, let ir G ^(^1,^2) such that W PjS (i>i, V2) = 7r(/>§) 1 / p . Then 
from Monge-Kontorovich dual formula and (2) we obtain 

W^Ps^PstY < I W PjS (S x P s>t ,S y P s>t ) p 7r(dx,dy) 

JMxM 

^e-?^^ ^,^. (4.16) 
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On the other hand, if (2) holds that letting H x ,y be the optimal coupling for 5 x P St t and $yP s ,t 
for the ^-transportation cost for / G Cl(M), we have 

Jmxm 1/0*0 -f(y')\n x ,y(dx',dy') 



\V s P s ,tf\ s < lim 

y^tx 



< lim 

y->x 



Ps{x,y) 



mxm\ Pt(x',y') 



IL^da^dy') 



(p-i)/p 



Ps{x,y) 



By Theorem 14. 11 this implies (1). 

(6) (1) implies (3). We also consider the case for s = 0. By approximation and the mono- 
tone class theorem, we may assume that / G C?(M), inf / > and / is constant outside a 
compact set. Given x ^ y and t > 0, let 7 : [0, i] -> M be the go-geodesic from x to y with 
length po(x,y). Let za, = we have |z/ a | = p (x,y)/t. Let 



Then /i(0) = 0, h(t) = t. Let y s = jhfs)- Define 

<p(s) =logP , s (P s ,i/) p (y s ), sG[0,t]. 

By |V°P ,t/|o < e-^^( s ) ds P j|V*/| t implied by (1) according to Theorem [HQ and using the 
Kolmogrov equations, we obtain 

^ = P f i ~J Po,sL a (Ps,tfnys) -pP^s{ p s,tfY~ lL sPs,tf{ys) 

ds Po, s {Ps,tJ) p L 

+ /*'(*) <V°P , s (P M /f,^> } 



> 



-{p(p-i)p , s (p s , t /r 2 iv s p s , t /i 



Po,s(Ps,t/) 

-^f^e-/«^) d «/ i '( S )(P s , t /r 1 |V s P M /| s } 
:-^-^-^P 0iS {(P M /) p ((p-l)|VMogP s , t /| 2 



t 



h'(s)e-fo K ^ du \V s logP s , t f\ s )} 



> — M ^ , s G [0,t]. 



4(p- l)t 2 



Since ft'(s) 



J S 2K(u)d« 



d<p(s) 



, we have 



> 



-pp (x,y) 2 efo 2K(u)du 



s G [0,t]. 



ds " 4(p - l)(jj e 2 fo K{u)Au dz Y ■ 

By integrating over s from and t, we complete the proof. 

(c) (4) implies (1). Let x G M and X G T^M be fixed. For any n > 1 we may take 
/ G C°°(M) such that / > n, f is constant outside a compact set, and 



V°/(z) = X, Hess^(x) = 0. 
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Taking j t = exp x [— 2tV° log f(x)] , we have po(x,jt) = 2i|V° log /|o(x) for t G [0,to], where 
to > is such that po(x, < r, r > 0. By (4) with y = j t , we obtain 

P 0lt (log/)(x) < logP Q ,/( 7t ) + * e [OM. (4-17) 

Since L / G C$(M) and Hess° f (x) = implies V |V°/lo(^) = at P oint 

x, we have 



Lof 1 



- \ t=0 P , t log / = L log / = - | v u /lo; 

d 2 , d 

■^\ t=0 p o,t log / = — (P ,t^log/)| t=0 



L 2 (0)/ (L /) 2 2 LqIWI 2 

— j j2 j2 \ v L o/, v /; — 

4|V /| 2 Lq/ _ 6|V°/|g ^| t=0 (V°/,V /) 1 dLJ 



f 3 



S 4 



P 



f dt 



t=o 



A. 



Thus, by Taylor's expansions, 



P 0)t (logf)(x) = log/(x) + t{f- 1 L Q f - |V°log/| 2 )(x) + -A + o(t 2 ) 



(4.18) 



holds for small t > 0. On the other hand, let N t = P° 7t V log/(x), where P° j7t is the go-parallel 
displacement along the go-geodesic t — > We have 74 = — 2A^ and V? Nt = 0. So, 



d_ 
dt 



t=o 



logPo,*/( 7 i) 



'Po,tL t f(jt) { (V°Po,t/,7t) ( , t) N 



V Po,t/ 
^-2|V°log/| 2 , 



Po,t/ 



t=0 



dt 2 



t=0 



logPo )t /( 7t ) = ^ - ^(^o/) 2 + ^0/ <V /, V°log/> 

+ 4Hess? og/ (V /,V Q /) - j (V%/, V°log/> 



-2(r 1 V°L /,V log/> + - 



ldL t f 



dt 



t=o 



where, as in above, the functions take value at point x and we have used Hessj(x) = in the 
last step. Thus, we have 

log P 0jt /( 7 t) = log f{x) + - 2| V° log /| 2 )(x) + ^B + o{t 2 ). 

Combining this with ()4.17p and (|4.18p . we arrive at 



t 



4/ *e 2 io r ^(«)d«dr / 



|V°log/| 2 (x) 



^1/ L |VV| 2 -2(V%/,W) 2 |V°/|g 
-2V f 2 / 4 



1 



+ y2^k=o(V u /,V u /))W + o(l) 
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Letting t — )■ 0, we obtain 

IH(/, /)(*) : = |£o|V°/|g(x) - <V%/, V/> Q (x) 

> K(0)\V°f\l(x) + ^| t=0 (V /, V°/)(x) - ^A(x). (4.19) 
Since by the Bochner-Weitzenbdck formula and V f(x) = X, fix) > n and 

r§(/, /)(*) = Ric°(X, X) - <v^z , x) , 

it follows that 

Ric°(X,X) - <V^Z ,X> > K(0)|X| 2 + ~d t g t \ t=0 (X,X) - ^1, n > 1. 



This implies (1) by letting n — >• oo. 

(d) (10) with p = 1 implies (7) and (8). We again prove this assertion for s = 0. By an 
approximation argument, it suffices to prove for / G C£°(M) such that inf / > and Lff is 
bounded. In this case, for any t > 0, let 

(o 2 _ i) r* 2/ r A:(u)d« d j 



Then 

g(a) ~ 1 
00 



f s e -2j;K(u)du dr + m 

Jo l' 



o. 



So that (10) with p = 1 implies 

(s) =P 0jS (P S)t /) 9 ^ log(P. lt /)«« - V(s) 9(s) log VOO 

~Po, s L s (P s ,tf) q{s) ~ q(s)P , s (Ps,tf) qis) L s P s ,tf 



=Po lS (P S)t /)^ log(P s , t /)^ - P 0lS (P,J) 9(s) logP 0|S (P S)t /)^ 

<g(s) 2 (y S e- 2 />«*dn+ P ,.(P, J)^ 2 ! V*P, t /| 2 = 0. 

Therefore, in case (7) one has q'(s) < so that i/j'(s) > 0, while in case (8) one has q'(s) < so 
that ip'(s) < 0. Hence, the inequalities in (7) and (8) hold. 

(e) (7) or (8) implies (10) with p = 1. We only prove that (7) implies (10), since (8) 
implying (10) can be proved in a similar way. Let q\ = 2 and q% = 2(1 + e) for small e > 0. 
According to (|4.15p we take 

1 lo e2 S ° K( - u)du dr /* e 2 -ft K(u)du dr 

l + 2e ~ f* e 2 ti K ( u ) du dr ~ 1 ~ /* e 2 $o K(u)du dr 



Then, 

_2_ 

l + 2e 



2 J Q r i^(n)d« dr = / e 2 J r i^(«)d« dr _ ^ _ s y f* K(u)du_ 
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i.e. 

t-s~2e f e 2 ^ K ^ Au dr. 
Jo 

Denote 6 = 2 /* e 2 K ( u ) du dr. We obtain from (7) that 

> lim - £ {{Po^ee{Pt-ee,t? {1+£) )^ - (Po,tf) 1/2 } 

= Po.flogf - (P ,/ 2 )logPo,/ 2 - 4 f e- 2 ^ K ^duP ,\^f\l 

Jo 

Therefore, (10) with p = 1 holds. □ 

When the metric is independent of t, the equivalence of (1) and (2) is due to [23], (3) was 
initiated in [27] while the equivalent of (1) and (4) are essentially due to [25], and (7)-(8) are 
found in [7J. 

Remark 4.5. According to \33\ Proper sition 2.4], we have the following statements are equiv- 
alent to Theorem \AA\ (3). (4) respectively. 

(3 ; ) For any < s < t < T c , p s x f y satisfies 

^((^4) 1/(a " 1) )(^)<{^ C ( s ^^)/'s(^y)} 1/(Q x,y€E. (4.20) 



(4 ; ) For any < s < t < T c , px\ y satisfies 



P 8t t{]ogp'*}(x) < C{s,t,K)p 2 s {x,y), x,y£E. 



where C(s,t,K) = Uf* e 2 ^ K ^ Au dr 



-l 
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